Given a Riemannian spin c manifold whose boundary is endowed with a Riemannian flow, we show that any solution of the basic Dirac equation satisfies an integral inequality depending on geometric quantities, such as the mean curvature and the O'Neill tensor. We then characterize the equality case of the inequality when the ambient manifold is a domain of a Kähler-Einstein manifold or a Riemannian product of a Kähler-Einstein manifold with R (or with the circle S 1 ).
Introduction
The spectral properties of the Dirac operator on a Riemannian spin manifold have led to several geometric and rigidity results. For example, spinorial techniques have been used to give simple proofs of some classical results, as the Alexandrov theorem [18, 15] .
On a compact spin manifold N n+2 with boundary M satisfying some curvature assumptions, O. Hijazi and S. Montiel [13] proved that there exists a one-toone correspondence between Killing spinors on M and parallel spinors on N. In particular, the boundary has to be connected and totally umbilical. This result has led to the following characterization of the round sphere as the boundary of the disk by: A complete Ricci-flat Riemannian manifold of dimension at least 3 whose mean-convex boundary is isometric to the round sphere is a flat disc [13, Cor. 6] . In a more general setting, S. Raulot showed in [26] that the correspondence occur between parallel spinors on N and solutions of the Dirac equation on M, i.e. a spinor field ϕ satisfying D M ϕ = n+1 2 H 0 ϕ for some particular function H 0 with H 0 ≤ H where H denotes the mean curvature of M. As an application, he proved the following rigidity result [26, Cor. 4] : If N has vanishing sectional curvature along the boundary (assumed to be simply connected), it has to be flat.
In a different geometric context, the authors in [4] established rigidity results for spin manifolds whose boundary carries a Riemannian flow [30] . That means the boundary is foliated by the integral curves of some unit vector field, say ξ, in a way that the metric on M stays constant along those curves. We will refer to the word basic to say objects that are constant along the curves (called also leaves). The idea is to check whether solutions of the so-called basic Dirac equation on the boundary, that is, a spinor field ϕ satisfying the equation
are in correspondence with parallel spinors on the whole manifold N . Here, D b is the basic Dirac operator (see [9, 10] ) and H 0 is a basic function defined on the boundary. It turns out that, under some assumption relating the mean curvature to the O'Neill tensor of the flow [25] , this correspondence is valid. In particular, this characterizes the Riemannian product S 1 × S n as the boundary of S 1 × B, where B is the closed unit ball in R n+1 [4, Cor. 4.7] .
The aim of this paper is to get similar rigidity results for manifolds endowed with spin c structures. Recall that those structures are the complex analogue to spin structures. They had real importance since the announcement of SeibergWitten theory [7] (see references therein) whose applications to 4-dimensional geometry and topology are already notorious. From an intrinsic point of view, spin, almost complex, complex, Kähler and Sasaki manifolds have a canonical spin c structure. From an extrinsic point of view, the restriction of spin c spinors is an effective tool to study the geometry and the topology of submanifolds [16] . When shifting from spin to spin c geometry, the situation becomes more general since the Dirac operator will not only depend on the geometry of the manifold but also on the connection of the auxiliary line bundle associated with the spin c structure. Thus, new examples appeared in several classification results [20, 11] , less geometric and topological restrictions are imposed on the manifold and more flexibility is offered on the choice of a connection (and hence on the curvature 2-form) on the auxiliary line bundle defining the spin c structure.
Throughout this paper, we will consider spin c manifolds with foliated boundary. We will look at the solutions of the basic Dirac equation on the boundary, i.e., Equation (1) , where D b is now the spin c basic Dirac operator. First, we start by restricting the spin c structure on N to the boundary M and define a spin c structure on the normal bundle Q of the flow by taking the same auxiliary bundle as the one on M . Then, we define a connection 1-form on Q by modifying the one on M in a way to get a basic connection. It turns out that the parameter chosen to make the connection one-form basic is related to the curvature F M of the auxiliary bundle of M via Equation (6) . Second, we show that solutions of the basic Dirac equation satisfy a spin c integral inequality derived from [14, Prop. 9] . Indeed, if we denote by F N the curvature 2-form on the auxiliary line bundle defining the spin c structure on N, we have: 
where Ω is the 2-form associated to the O'Neill tensor field.
We mention that spin manifolds correspond to the case where the function θ vanishes everywhere and therefore Inequality (2) is the same as in [4, Thm. 3.1] . However, the equality case of Inequality (2) is characterized by the existence of two parallel spinors on N that project (through some orthogonal pointwise projection, see Proposition 3.1) to the solution ϕ. Therefore and according to A. Moroianu classification of spin c manifolds with parallel spinors [20] , it turns out that, besides spin manifolds, two natural categories of manifolds occur in the limiting case: Either N is a domain in some Kähler-Einstein manifold of nonnegative scalar curvature (n is even) or in some Riemannian product of a Kähler-Einstein manifold with R (n is odd) (see Proposition 3.3).
In the even dimensional case, i.e. N is a Kähler manifold endowed with its canonical spin c structure, the limiting case of (2) 
The function θ is constant and equal to
If those properties are fulfilled, then the spinor field ϕ is the restriction of a parallel spinor of N and is itself transversally parallel, in particular
In particular when N is a domain in either CP n+2 2 or CH n+2 2 , then the equality holds in (2) if and only if M is a tube around a totally geodesic
2 ) or a tube around a totally geodesic CH k (where 0 ≤ k ≤ n 2 ), see Proposition 5.3. On the other hand and under some assumption relating H, H 0 , Ω and θ, we show that the equality in (2) is realized and in this case, the flow is transversally Einstein-Kähler and the manifold M is η-Einstein Sasakian manifold (see Corollary 5.4).
In the odd dimensional case, i.e. when N is a domain in the Riemannian product Note in particular that equality can only occur if N lies in N 1 × S 1 , the case where N ⊂ N 1 × R leading to the noncompactness of M , see proof of Lemma 5.6. The proof of Theorem 1.3 is splitted into several steps. First, we prove that N is isometric to the product ∆×S 1 for some compact domain ∆ with boundary M 1 (see Lemma 5.6 ). Second, we show after some technical computations that the vector field ξ defines a Riemannian flow on M 1 by some vector field ξ 1 . In this case, the normal bundle Q 1 (of even rank) of the flow is a subbundle of Q. After restricting the spin c structure on N to the bundle Q 1 , we prove that the spinor ϕ defines another spinor field ϕ 1 which is a solution of the basic Dirac equation on M 1 and realizes the equality case in (2) for the even dimensional case (see Lemma 5.11) . This last part is proved with the help of Theorem 1.2. Finally, we show that this leads to ξ = ±∂t and H = H 0 .
Preliminaries on Riemannian flows and manifolds with boundary
In this section, we recall some preliminaries on spin c Riemannian flows (see [30] , [12] ) and the geometry of manifolds with boundary. For more details, we refer to [19] , [7] , [8] and [3] .
spin
c Riemannian flow
) be a Riemannian manifold endowed with a Riemannian flow given by a unit vector field ξ. That is, the Lie derivative of the metric with respect to ξ satisfies L ξ g | ξ ⊥ = 0 (see [27] ). It is now well-known that, if that condition is fulfilled, then there exists a metric connection ∇ on the normal bundle Q = ξ ⊥ which is called transversal Levi-Civita connection and which is defined, for any section Y ∈ Γ(Q), by
where π : T M → Q denotes the orthogonal projection [30] . The transversal Levi-Civita connection is related to the usual Levi-Civita connection via the following Gauss-type formulas [12] : for all sections Z, W in Γ(Q), we have structure on Q is given by the pull-back of the one on M via the inclusion map SOQ → SOM, where SOQ denotes the SO n -principal bundle of orthonormal direct frames on Q. The auxiliary line bundle of the spin c structure of Q is chosen to be the same one as on M .
Choice of connections:
We choose a connection 1-form A M on the auxiliary line bundle P U1 M → M and define a connection 1-form on the auxiliary line bundle of the spin c structure of Q by modifying the connection 1-form on the auxiliary line bundle of the spin c structure of M : Pick any real 1-form on M , say α, and define a new connection 1-form on P U1 M → M by
This makes sense since the difference of any two connections 1-forms on a U 1 -bundle is given by an imaginary-valued form on the base M . Since, we need to have an F -bundle P U1 M in the sense of [5, 6] (in order to define later the basic Dirac operator), we wish the connection A Q to be basic, which is equivalent to the condition ξ F Q = 0 on M , where
is the curvature 2-form associated to A Q , see e.g. [5, p.328] . This last identity means that
For the sake of simplicity, we assume α to be proportional to ξ ♭ , that is, that
, the condition to be fulfilled for A Q to be basic becomes equivalent to
because of g(ξ, ξ) = 1) and, for any X ∈ Γ(Q),
which implies (6).
Coming back to spin c structures, the spinor bundle ΣM is canonically identified with the spinor bundle of Q, denoted by ΣQ, for n even and with the direct sum ΣQ ⊕ ΣQ for n odd. In the same way, one can also identify the Clifford multiplications "· M " in ΣM and "· Q " in ΣQ as follows: For any section Z ∈ Γ(Q) and ϕ ∈ Γ(ΣM ), we have
The Levi-Civita connections on ΣM and ΣQ satisfy the formulas [12, eq. (2.4.
where Ω is the 2-form associated to the tensor h defined for all Y, Z ∈ Γ(Q) by
Next, we define the basic Dirac operator (see [9] and [10] ) as being
where {e i } i=1,··· ,n is a local orthonormal frame of Γ(Q). Here and in the following, we assume the mean curvature to be basic (otherwise, we might work with its basic projection [28] ), i.e. ∇ ξ κ = 0. Recall that the basic Dirac operator D b is defined on the set of basic sections (sections of the spinor bundle ΣQ satisfying ∇ ξ ϕ = 0) and it preserves that set. It is also a transversally elliptic and essentially self-adjoint operator, if M is compact. Therefore, it has a discrete spectrum by the spectral theory of transversal elliptic operators [5, 6] .
As a direct consequence of Equations (7), the transverse Levi-Civita connection commutes with the Clifford action of ξ. In particular, this allows to prove the following identities for the basic Dirac operator. For n even (resp. n odd) and for any basic spinor field ϕ, we have
Finally, we recall the relation existing between the Dirac operator on M and the basic Dirac operator:
Manifolds with boundary
We review some well-known facts about Spin c manifolds with boundary (see [13, 17, 18] for the spin case). Let (N n+2 , g) be a Riemannian Spin c manifold of dimension n + 2 with smooth boundary M = ∂N. As before, the existence of the (inward) unit vector field ν normal to the boundary allows to define a Spin c structure on M by taking the pull back. We can define two spinor bundles on the boundary, the intrinsic bundle ΣM and the extrinsic one S = ΣN |M . The data of the extrinsic bundle is related to the one on N by:
where " · " is the Clifford multiplication on N , the tensor A is the Weingarten map given for all X ∈ Γ(T M ) by A(X) = −∇ N X ν, the spinor field ϕ is a section in S and H = On the other hand, the extrinsic spinor bundle can be identified with the intrinsic one in a canonical way depending on the dimension of N. Namely, if n is odd, the tuple (S, "
Moreover, using the first two equations in (10) and the Gauss formula, one can prove that the following relations hold for all X, Y ∈ Γ(T M )
and that,
Equality (12) means that the spectrum of D S is symmetric with respect to zero and if n is even the Dirac operator on M commutes with the action of ν, that is,
for any spinor field Φ ∈ Γ(ΣM ).
We define the operators P ± as being the pointwise orthogonal projections from S onto the ±1-eigenspaces corresponding to the ±1-eigenvalues of the operator iν· on S, i.e. P ± := 1 2 (Id ± iν·) . They satisfy P ± (X·) = X · P ∓ and P ± (ν·) = ν · P ± , for all X ∈ Γ(T M ). This implies that D S P ± = P ∓ D S .
Integral inequality on manifolds with boundary
In [14] , O. Hijazi and S. Montiel prove an integral inequality relating the Dirac operator on the boundary M of a spin manifold N applied to a spinor field to the norm of that spinor. In the following, we will state a similar inequality for spin c manifolds. 
where dv g is the volume element on M. Moreover, the equality holds in (14) if and only if there exist two parallel spinor fields ψ, ϑ ∈ Γ(ΣN ) such that P + ϕ = P + ψ and P − ϕ = P − ϑ on the boundary. In that case, the scalar curvature of N is equal to c n+2 |F N |, in particular is nonnegative.
Proof: The proof of the inequality is based on the spinorial Reilly formula established in [22, p.142] and an appropriate boundary value problem. We will prove the inequality for n odd and will use the different identifications according to Subsection 2.2. The same can be done for n even. For any spinor field ψ ∈ Γ(ΣN ), one has [22, p.142]
Equality holds in (15) if and only if ψ is a twistor spinor and
Recall here that a twistor spinor ψ is a section of the spinor bundle of N satisfying the differential equation
In the following, we will follow the same proof as in [14, p.11] . For this, consider for any spinor field ϕ ∈ Γ(S), the following boundary value problem:
The uniqueness and the smoothness of the solution of the boundary problem is shown e.g. in [14, Prop. 6] . By inserting the solution ψ into Inequality (15), we get after using Scal
Here, we notice that the equality in (17) is realized if and only if the spinor ψ is parallel. In that case, Equality (16) is automatically satisfied as a consequence of the Schrödinger-Lichnerowicz formula. Now by decomposing the spinor field ψ into ψ = P + ψ + P − ψ and using the pointwise inequality 0 ≤ |
Finally, considering a boundary problem for D N where we replace the condition boundary P + by P − , we get a similar equation as (18) with the minus sign.
Summing the two equations, we deduce the desired inequality.
As we have seen, the limiting case of (17) is characterized by the existence of parallel spinors on the ambient manifold. Recall that the boundaryless complete Riemannian spin c manifolds carrying parallel spinors were classified by A. Moroianu in [20, Thm. 1.1]: The universal cover of such a manifold is isometric to the Riemannian product of a simply connected Kähler manifold with a simply connected spin manifold carrying parallel spinors; the classification remains true even locally. In the following, we will determine which family of such products satisfies the condition Scal N ≥ c n+2 |F N | required for Proposition 3.1. We begin with examining that condition on Kähler manifolds:
be a Kähler manifold endowed with its canonical spin c structure, in particular
then that inequality is an equality and N is Einstein with nonnegative scalar curvature.
Proof: Choose a local o.n.b. (e j ) 1≤j≤n+2 of T N made out of pointwise eigenvectors for the Ricci tensor of N , that is, Ric N (e j ) = µ j · e j for some real eigenvalue µ j and all j ∈ {1, . . . , n + 2}. Then Scal N = n+2 j=1 µ j and we have
But, by the Cauchy-Schwarz inequality,
j=1 µ 2 j . Therefore, we necessarily have the equality
and therefore all µ j are equal and nonnegative. This means precisely that the Einstein condition is satisfied and that the Einstein constant is nonnegative.
Using this result, we deduce: Proof: Since all requirements are of algebraic type, we may assume that N is simply connected. As mentioned before, we know that N is locally isometric to the Riemannian product N 1 × N 2 where N 1 is Kähler and N 2 is a spin manifold carrying parallel spinors (and which is in particular Ricci flat). Assume that N 1 is not a point, otherwise we are reduced to the spin case. Then the condition Scal N ≥ c m |F N | can be written in terms of the data of N 1 . Namely, Scal N = Scal N1 and |F N | = |F N1 |. Hence if we denote by n 1 the dimension of
Since N 1 is Kähler, we deduce from Proposition 3.2 that N 1 is Einstein-Kähler and also the fact that c m = c n1 . Mainly, that means either m = n 1 or m = n 1 +1. Therefore, N is locally Kähler or the product of a Kähler manifold with R.
Hypersurfaces of Kähler-Einstein manifolds
In this section, we consider real hypersurfaces in any Kähler manifold. We first characterize the condition for the naturally induced flow-structure to be Riemannian and minimal and then study the η-umbilicity condition on the hypersurface. 
If (M, g, ξ) is a minimal Riemannian flow and N is Einstein, then
ξ tr A |Q = 0.
Proof:
1. First note that ξ has unit length, in particular h := ∇ M ξ induces an endomorphism field of Q. For every X ∈ Γ(T M ),
In particular, ∇ 2. Since ξ = −Jν, the complex structure J maps the normal bundle Q to itself. To prove that J defines a Kähler structure, it is sufficient to show that it is parallel with respect to the transversal connection ∇. But for any section X ∈ Γ(Q),
The next to last equality comes from the Gauss formula and the first statement. Now, for Y, Z ∈ Γ(Q), we compute in the same way
from which ∇J = 0 follows.
3. We make use of the following well-known formula, valid as soon as the ambient manifold is Einstein:
where
Choosing this local o.n.b. such that e n+1 = ξ, we have
On the other hand,
Comparing both identities, we obtain
from which ξ tr A |Q = 0 follows.
Next we look at conditions for certain real hypersurfaces in Kähler manifolds to have constant principal curvatures: Proof: We compute δA using (19) and choosing (e j ) 1≤j≤n+1 with Ae j = µ · e j for all 1 ≤ j ≤ n and e n+1 = ξ, so that Ae n+1 = λ · e n+1 . Note that, for any 1 ≤ j ≤ n, the (local) vector field ∇ M ej e j is transverse: for g(∇ M ej e j , ξ) = −g(∇ M ej ξ, e j ) = 0 since h is skew-symmetric. We compute, also using the fact that κ = 0:
Comparing with (19) , we obtain the following identity:
Putting X = ξ, we first deduce that ξ(µ) = 0, so that the last identity becomes
But, since we have assumed θ = λ+ nµ 2 to be constant, we also have n 2 dµ+dλ = 0, from which we deduce that ξ(λ) = 0 and (n−2)dµ = 0. If n = 2, we can conclude that dµ = 0 = dλ. In the case where N has constant holomorphic sectional curvature 4c with c ≥ 0, its curvature tensor is given by the following identity [23, Theorem 1.1]:
and use the Codazzi identity: for any X, Y ∈ Γ(Q),
where we used that h = JA and Aξ = λξ. Hence, we deduce that for any X, Y ∈ Γ(Q),
from which X(µ) = 0 follows (choosing X, Y ∈ Γ(Q) pointwise linearly independent, which is always possible if n ≥ 2). We can conclude that µ and hence also λ are constant on M .
The condition θ be constant and equal to λ + 
Proof: Recall that a Riemannian flow is Sasaki if and only if it is minimal and h = ∇ M ξ is a transverse Kähler structure on Q, that is, h 2 = −Id Q and ∇h = 0. Recall also that, for any t ∈ R × , the triple (M,
t ξ) is a Riemannian flow with h t = th, κ t = κ and ∇ t = ∇ on Q. In our situation, if A |Q = µ · Id Q for some µ ∈ R × , then h = JA |Q = µJ with ∇J = 0, so that 
spin c manifolds with foliated boundary
In this section, we consider a compact Riemannian spin c manifold (N n+2 , g) with nonempty boundary M = ∂N and assume that M is endowed with a Riemannian flow induced by a unit vector field ξ on M. After restricting the spin c structure to the normal bundle of the flow, we will consider solutions of the basic Dirac equation and will show that it satisfies an integral inequality coming from (17) . Then, we will study the limiting case of this inequality and characterize the geometry of the manifold N and its boundary M based on the results in Section 4.
We have seen that the limiting case of Inequality (17) is characterized by the existence of parallel spinors on the whole manifold N. In view of Proposition 3.3, we will consider two families: Kähler-Einstein domains and domains in products of Kähler-Einstein manifolds with R or S 1 . Therefore, we will split our study into two cases: The even-and odd-dimensional case. The even-dimensional case will correspond to the first family of manifolds while the odd-dimensional one will correspond to the second.
The even-dimensional case
As mentioned before, we will consider in this subsection the case where the ambient manifold is Kähler-Einstein and is endowed with its canonical spin c structure. First, we need to characterize the condition (6) for an F -bundle in this setting. N and hence, for any X ∈ Γ(T N ), 
As for A Q , we first have, for any X ∈ Γ(Q),
For X = ξ, we have
This shows that A Q is associated to ∇ if and only if θ = λ + 1 2 tr A |Q . As for the second equivalence, note that ψ ∈ Γ(Σ 0 Q): because of ψ ∈ Γ(Σ 0 N ) and hence ξ · ν · ψ = −iψ, we have
where Ω Q and Ω N are the 2-forms associated to J on Q and N respectively. For any X ∈ Γ(Q), using that JY · ψ = iY · ψ for any Y ∈ Γ(T N ) because of ψ ∈ Γ(Σ 0 N ), we write
so that ∇ X ψ = 0. In particular, ψ is transversally parallel if and only if ∇ ξ ψ = 0, that is, if and only if ψ is basic. On the other hand, we can make use of the following formula to relate ∇ ξ ψ with ∇ N ξ ψ:
so that ∇ ξ ψ = 0 if and only if Ω · ψ = i(λ − θ)ψ. But we can compute the action of Ω in another way, using h = JA |Q as well as ψ ∈ Γ(Σ 0 N ): choose (e j ) 1≤j≤n to be any local orthonormal basis of Q made out of eigenvectors for A, where Ae j = µ j e j , then
, which yields λ − 2θ = −(n + 1)H and this is equivalent to θ = λ + 1 2 tr A |Q . 3. Let ψ be any parallel spinor on N which is then a transversal parallel spinor on Q. Using the spin c Ricci identity on the normal bundle, we write for any Y ∈ Γ(Q)
Therefore by the fact that (Y F N )(ξ) = (Y F N )(ν) = 0 and since ψ is parallel on N , we deduce that
and the proof follows.
4. Using the previous computation for the Ricci curvature, one can evaluate the curvature of the auxiliary line bundle of Q as follows
This ends the proof of the proposition.
Before we state our main estimate, we need the following lemma:
) be a spin c manifold. Assume that n is even and the boundary M of N carries a minimal Riemannian flow given by a unit vector field ξ.Then, for any basic spinor field ϕ, one has
Proof: Since the manifold N is spin c , the manifold M and the normal bundle Q of the flow are also spin c . Because n is even, the spinor bundle of Q is identified with the one of M, which is also identified with one subbundle of ΣN, say Σ + N . Therefore we can think of any ϕ ∈ Γ(ΣQ) as a section in one subbundle of S, say S + . We compute
This finishes the proof of the lemma. Now, we can prove Theorem 1.1 for n even.
Proof of Theorem 1.1 for n even: As in Lemma 5.2, we will think of any ϕ ∈ Γ(ΣQ) as a section in the subbundle S + of S. Using Equation (9), we compute
Hence, by taking the norm of D S ϕ, we get
On the other hand, using Lemma 5.2 we have
As before, the norm is equal to
Thus, by applying Inequality (17) to the spinors ϕ and ξ · ϕ, we find the desired result after summing both inequalities.
Proof of Theorem 1.2:
We know from Proposition 3.1 that if (2) is an equality, there exist parallel spinor fields ψ, φ, Ψ, Φ on N such that
and that all other parallel spinors are multiple scalars of ψ, since the manifold N is assumed to be Kähler. But
The same holds for ϕ (always true for n even). We can thus deduce from P + ϕ = P + ψ that ϕ = ψ on M. Of course, we also have ψ = φ from P − ϕ = P − φ. The identity P + (ξ · ϕ) = P + Ψ yields in the same way ξ · ϕ = iν · Ψ and hence iν · ξ · ϕ = Ψ. Letting Ψ = bψ for some b ∈ C, we have b = ±1 because of (iν · ξ·) 2 = 1. Up to changing ξ into −ξ (and hence θ into −θ), we can assume that iν · ξ · ϕ = −ψ = −ϕ. Notice now that, if X and Y are two real vectors in T x N for some point x ∈ N with (X + iY ) · ψ = 0 for some nonzero ψ ∈ Σ 0 N x , then Y = JX: just combine the identity with (X + iJX) · ψ = 0, which holds true because of ψ ∈ Σ 0 N . Therefore, iξ · ν · ϕ = ϕ being equivalent to (ν − iξ) · ψ = 0, we can conclude that ξ = −Jν. The last identity P − (ξ·ϕ) = P − Φ does not bring any new information.
Since by assumption (M, g, ξ = −Jν) is a minimal Riemannian flow, Proposition 4.1 implies that [J, A |Q ] = 0, that Aξ = λξ on M for some λ ∈ C ∞ (M, R) and that J defines a transversal Kähler structure on the normal bundle of the flow. Furthermore, ξ tr A |Q = 0 because N is Einstein by Proposition 3.2. The connection 1-form A Q on P U1 M → M being assumed to be basic, the basic function θ must be constant by Proposition 5.1. Because ϕ is the restriction of a parallel spinor field on N and is assumed to be basic, Proposition 5.1 also implies that ϕ is transversally parallel, which is also equivalent to θ = λ + 
and thus (2) is an equality. This concludes the proof of the proposition.
Note that the compactness assumption on N is actually no more necessary for the case where (2) is an equality since that equality case actually holds pointwise. In particular, we may look for examples in non-compact Kähler-Einstein manifolds such as complex hyperbolic space.
In the case where N has non-zero constant holomorphic sectional curvature, it already follows from a well-known result (see e.g. Proof: We estimate the two terms |Ω · M ϕ| 2 and θ Ω · M ϕ, ϕ in Inequality (2). We have
Recall here that we use the formula
For the second term, we compute
Therefore, Inequality (2) reduces to the estimate
Since the condition
≤ H 2 is fulfilled, we get the equality case in both (21) and (2) . That means all above inequalities are sharp.
In particular, one gets
Combining the last relation with the equality Ω · M ϕ = i(λ − θ)ϕ, one deduces that
That is, |A| Q = 1 √ n tr(A| Q ) which is the equality in the Cauchy-Schwarz inequality. That yields to A| Q = µId for some function µ. With the help of Proposition 4.2, one deduces that both µ and λ are constant. In view of Proposition 4.3, the manifold M is a Sasakian η-Einstein manifold from the fact that the transverse metric remains invariant.
The odd-dimensional case
In this section, we look at the case where the normal bundle has odd rank. As mentioned above, we will be interested in the family of manifolds N that are domains in Riemannian products of Kähler-Einstein manifolds N 1 with R or S 1 .
Let M be the boundary of any domain N in N 1 × R or N 1 × S 1 and carry a Riemannian flow. Since the rank of the normal bundle Q is odd, we have the identification
where in the first isomorphism, we use the following identifications for the Clifford multiplications
for any Z ∈ Γ(Q) and Υ ∈ S = ΣN | M . For the second isomorphism, we have X · M Υ = X · ν · Υ. Now the action of iν on S is determined by the action of the complex volume form ω of ΣM , that is for any spinor Υ on S, we have iν · Υ = ω · Υ =Ῡ, whereῩ = Υ + − Υ − with Υ ± are eigensections of ω corresponding to the eigenvalues ±1. Thus, from the definition of the projections P ± , we deduce that P ± Υ = Υ ± .
Proof of Theorem 1.1 for n odd: Let us define the spinor field Υ = ϕ + ξ · M ϕ where ϕ is considered as a section in ΣQ ≃ Σ + M, i.e. P + ϕ = ϕ. Using (9), we have
It is easy to check from ϕ ∈ Γ(Σ + M ) that the identities ξ · M Ω · M ϕ, ϕ = 0 and ξ · M ϕ, ϕ = 0 hold. Hence by taking the norm of the spinor field |D S Υ| 2 , we find that it is equal to
Inequality (14) applied to the spinor field Υ finishes the proof by plugging the last equality and using the fact that |Υ| 2 = 2|ϕ| 2 .
The proof of Theorem 1.3 is technical and will be splitted into several lemmas (Lemmas 5.5, 5.6, 5.9, 5.10, 5.11, 5.12). First, we have Lemma 5.5 If the equality case is realized in (2) , then
for all X ∈ Γ(T M ) and for some b ∈ C. In particular, we get (
Proof: Assume that the equality is realized in (2) and recall that Υ = ϕ + ξ · M ϕ, then by Proposition 3.1 there exists two parallel spinors ψ and ϑ in ΣN such that P + Υ = ϕ = ψ + and P − Υ = ξ · M ϕ = ϑ − . Since the dimension of the space of parallel spinors on N 1 × S 1 is one (those are being identified with parallel spinors on N 1 corresponding to the canonical spin c structure), we deduce that ϑ = bψ for some b ∈ C. Now differentiating the equation ξ · M ϕ = bψ − in the direction of any vector field X ∈ Γ(T M ), we get that
Here, we used the fact that ∇
To prove the second part of the lemma, we take X = ξ in (23) and use the fact that the mean curvature κ = ∇ M ξ ξ vanishes to deduce that
By taking the Clifford multiplication of (24) by ξ and applying the rule
, we get that
Now if g(A(ξ), ξ) = 0, then either ( 
Proof: As in the previous lemma, we know that ϕ = ψ + and ξ · M ϕ = bψ − , where ψ is a parallel spinor of norm assumed to be equal to 1. Therefore, we deduce that |ϕ|
. Hence, we get that
Now, for every X ∈ T N = T N 1 ⊕ R∂ t , we may split X = X T + g(X, ∂ t )∂ t , where X T is pointwise tangent to the N 1 -factor. In particular X · ψ = X T · ψ + g(X, ∂ t )∂ t ·ψ; but because of ψ ∈ Σ 0 N 1 pointwise, we have X T ·ψ = −iJ(X T )·ψ, so that, using also i∂ t · ψ = ψ (because of ψ ∈ Γ(Σ + N 1 ) pointwise), we get
As a consequence, iX · ψ, ψ = J(X T ) · ψ, ψ + g(X, ∂ t )|ψ| 2 ; but since both iX·ψ, ψ and g(X, ∂ t )|ψ| 2 are real whereas J(X T )·ψ, ψ is purely imaginary, we deduce that in fact J(X T ) · ψ, ψ = 0 and iX · ψ, ψ = g(X, ∂ t )|ψ| 2 = g(X, ∂ t ).
This implies first that g(ν,
, in particular g(ν, ∂ t ) is constant on M . Now if M is connected, then we may apply the divergence theorem and obtain for the parallel vector field For this, we show that, for any t ∈ R, the flow φ t of ∂ t preserves N , that is, that φ t (N ) = N . First consider the case where N ⊂ N 1 × R. We may assume that 0 ∈ t(N ) and identify N 1 with N 1 × {0} ⊂ N 1 × R, so that N 1 becomes the preimage of the regular value 0 for the function t on N 1 × R. Since ∂ t is parallel on N 1 × R and N 1 is assumed to be complete, so is N 1 × R and the flow φ of ∂ t is defined on N 1 × R; actually, φ is the identity map on N 1 × R. Moreover, because the restriction of ∂ t onto M is tangent to M , the flow φ s preserves M for all s ∈ R, that is, φ s (M ) = M . Let x ∈ N , then either x ∈ ∂N = M and then φ t (x) ∈ M ⊂ N as we have just seen; or x ∈ • N , but then φ t (x) can lie neither on M (otherwise x = φ −t (φ t (x)) ∈ M ) nor outside N (otherwise the integral curve s → φ s (x) linking x with φ t (x) must cross M and thus lie in M for all time), therefore φ t (x) ∈ • N ⊂ N . On both cases, φ t (x) ∈ N . Therefore φ t (N ) ⊂ N ; changing t into −t gives N ⊂ φ t (N ) and hence N = φ t (N ). Now because φ t preserves N for all t ∈ R, we may set ∆ := t −1 ({0}) ∩ N ⊂ N , which is a smooth domain with boundary M 1 = t −1 ({0}) ∩ M in N 1 × R (it is smooth up to the boundary because of g(ν, ∂ t ) = 0). Because ∂ t is parallel on N , the flow φ induces an isometry ∆ × R → N , in particular ∆ must be connected. Since φ is the identity on N 1 × R, we have actually shown that N = ∆ × R. Note that this case cannot happen here since N is assumed to be compact. In case where N ⊂ N 1 × S 1 , we may lift N to a smooth manifold with boundary N in N 1 × R via the covering map N 1 × R → N 1 × S 1 -which is not the universal cover of N 1 × S 1 , unless N 1 itself is simply-connected. Since that covering map preserves ∂ t , that parallel vector field is tangent to M = ∂N and therefore N = ∆ × R for some smooth domain ∆ in N 1 by the above argument. Now because the Z-group action on N 1 × R underlying the covering map is trivial on N 1 (it only acts on the R-factor), we can conclude that N = ∆ × S 1 . This concludes the proof.
The computation in the sequel will be devoted to show that in the equality case of (2), the vector field ξ defining the flow will be equal to ±∂ t . The main idea Identifying the degree-1-terms on both sides and using ψ = 0, we obtain 0 =basic spinor. In fact, vector field ξ 1 := ξ T is an eigenvector of A corresponding to the eigenvalue λ 1 := ε |A(ξ)| sinβ . Moreover, the vector field ξ 1 is of constant norm equal to |sinβ| and defines a minimal Riemannian flow on the manifold M 1 , isometric to the product, with O'Neill tensor
The manifold M 1 is clearly spin c with a connection form A M1 = A M | M1 . Hence as mentioned in Section 2, the normal bundle Q 1 carries also a spin c structure with the same line bundle as for M 1 . Now, we choose a connection 1-form on Q 1 as
where θ 1 := θ |ξ1| . The relation (6) is clearly satisfied on M 1 , since
Also, one can check by choosing sinβ < 0 that Proof: According to Theorem 1.2 in Subsection 5.1, it is sufficient to prove the existence of a solution of the basic Dirac equation on M 1 . Let us denote by ϕ 1 (x) := ϕ(x, 1) for x ∈ M 1 , where ϕ is the solution of the basic Dirac equation on M realizing the equality case in (2) . In the following, we aim to show that ϕ 1 is basic with respect to the flow on M 1 and is a solution of the basic Dirac equation. For this, we use the first equation in (7) to compute
Here, we used the fact that ϕ 1 is basic on M and constant along ∂ t . We also mention that for an orthonormal frame {e 1 i } i=1,··· ,n−1 of Q 1 ⊂ Q, we have
where {e i } i=1,··· ,n is an orthonormal basis of Q defined by {Z, e
For the converse, assume that N is isometric to ∆ × S 1 where ∆ is a Kähler-Einstein manifold with boundary M 1 and let ξ = ∂ t be the parallel vector field that defines the Riemannian flow on the boundary M = M 1 ×S 1 (that is, h = 0). Consider a parallel spinor field ψ on ∆ (which is then a constant section of Σ 0 ∆) and let ϕ := P + ψ. Then, the Dirac operator of M associated to ϕ is equal to
The normal bundle Q of the flow is just the tangent space of M 1 and the connection A Q is the connection A M | M1 , i.e. θ = 0. Since the spinor ϕ is clearly basic (it is constant along the S 1 -fibers), we deduce that D b ϕ = n+1 2 H∂ t · M P − ψ. But using the fact that i∂ t · ψ = ψ, we have that
Therefore ϕ is a solution of the basic Dirac equation with H 0 = H and the equality in (2) is realized.
